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A pure state of N parties with local dimension d is called a k-uniform state if all the reductions
to k parties are maximally mixed. Based on the connections among k-uniform states, orthogonal
arrays and linear codes, we give general constructions for k-uniform states. We show that when
d ≥ 4k− 2 (resp. d ≥ 2k− 1) is a prime power, there exists a k-uniform state for any N ≥ 2k (resp.
2k ≤ N ≤ d + 1). Specially, we give the existence of 4, 5-uniform states for almost every N-qudits.
Further, we generalize the concept of quantum information masking in bipartite systems given by
[Modi et al. Phys. Rev. Lett. 120, 230501 (2018)] to k-uniform quantum information masking in
multipartite systems, and we show that k-uniform states and quantum error-correcting codes can
be used for k-uniform quantum information masking.
I. INTRODUCTION
Multipartite entanglement has many applications in
quantum information such as quantum teleportation
[1, 2], quantum key distribution [3–5], superdense cod-
ing [6] and quantum error correcting codes [7]. How-
ever, it is difficult to quantify the level of entanglement
in an arbitrary multipartite system. A very striking
class of pure states called absolutely maximally entan-
gled (AME) states has attracted much attention in re-
cent years. These states are maximally entangled on ev-
ery bipartition. AME states can be used to design holo-
graphic quantum codes and perfect tensors [8]. AME
states can also be used for threshold quantum secret shar-
ing schemes, for parallel and open-destination teleporta-
tion protocols [9, 10]. However, AME states are very rare
for given local dimensions [11]. Taking qubits as an ex-
ample, AME states exist only for 2-, 3-, 5-, and 6-qubits
[7, 12, 13].
A much more general concept is called k-uniform
states, which is defined to be a multipartite pure state of
N -qudits whose all reductions to k parties are maximally
mixed [7]. AME states are special kinds of k-uniform
states, more exactly, the ⌊N2 ⌋-uniform states. Goyeneche
et al. first associated the k-uniform states with orthog-
onal arrays [14]. Moreover, k-uniform states can also
be constructed from Latin squares, symmetric matrices,
graph states, quantum error correcting codes and classi-
cal error correcting codes [7, 14–18]. Very recently, the
authors in Ref. [19] derived a new method to construct
k-uniform states. Although there are several methods to
construct k-uniform states, a complete solution to the
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existence of k-uniform states is far from reach. It has
been known that a 1-uniform state exists for any d ≥ 2
and N ≥ 2, by the existence of GHZ states. Pang et
al. showed the existence of 2, 3-uniform states for almost
every N -qudits [20]. However, there are a few results
on the existence of k-uniform states of N -qudits when
k ≥ 4. In this paper, we shall give general constructions
of k-uniform states for k ≥ 4 by using the linear codes.
Recently, Modi et al proposed the concept of quan-
tum information masking [21]. This is a physical pro-
cess that encodes quantum information into a bipartite
system, while the information is completely unknown to
each local system. They obtained a no-masking theorem:
an arbitrary quantum state cannot be masked. In [22],
the authors showed that quantum information masking
in multipartite systems is possible. In their masking pro-
tocol, it also required that the original information is
inaccessible to each local system. However, collusion be-
tween some subsystems would then reveal the encoded
quantum information [21]. Thus, a stronger version of
quantum information masking is desirable. In this pa-
per, we propose the concept of k-uniform quantum infor-
mation masking in multipartite systems. It requires that
the original information is inaccessible to each k subsys-
tems. Specially, we refer to the ⌊N2 ⌋-uniform quantum
information masking as the strong quantum information
masking. We show that if there exists a (k + 1)-uniform
state of (N + 1)-qudits, then all states of one-qudit can
be k-uniformly masked in an N -qudits system. We also
show that when N is odd, all states of one-qudit can be
strongly masked in an N -qudits system provided that an
AME state of (N + 1)-qudits exists. However, when N
is even, we show that the strong quantum information
masking is impossible, as a generalized no-masking the-
orem. In the k-uniform quantum information masking
scheme, if the reduction states of k parties are propor-
tional to identity, we show that a pure ((N, d, k + 1))d
quantum error-correcting code is equivalent to that all
states of one-qudit can be k-uniformly masked in an N -
2TABLE I: Existence of 4-uniform states of N subsystems with local dimension d ≥ 2.
dN 8 9 10 11 12 13 14 15 N ≥ 16
2 × × × ? √ √ √ √ √
3 × √ √ √ √ √ √ √ √
4,12 ?
√ √ √ √ √ √ √ √
6,10 ? ? ? ?
√ √ √ √ √
d ≥ 5 is a prime power √ √ √ √ √ √ √ √ √
d ≥ 14 is not a prime power ? ? ? ? √ √ √ √ √
TABLE II: Existence of 5-uniform states of N subsystems with local dimension d ≥ 2.
dN 10 11 12 13 14 15 16 17 N ≥ 18
2 × × ? ? ? ? √ ? √
3,15
√
?
√
?
√ √ √ √ √
4,12
√
?
√
?
√
?
√ √ √
5
√
?
√ √ √ √ √ √ √
6,10,14 ? ? ? ? ? ?
√
?
√
d ≥ 7 is a prime power √ √ √ √ √ √ √ √ √
d ≥ 18 is not a prime power ? ? ? ? ? ? √ ? √
qudits system.
The rest of this paper is organized as follows. In Sec. II,
we introduce the connections among k-uniform states, or-
thogonal arrays and linear codes. We also review the exis-
tence of 1, 2, 3-uniform states. In Sec. III, by using linear
codes, we show that when d ≥ 4k−2 (resp. d ≥ 2k−1) is
a prime power, there exists a k-uniform state in (Cd)⊗N
for any N ≥ 2k (resp. 2k ≤ N ≤ d + 1). Specially,
we give the existence of 4, 5-uniform states for almost
every N -qudits (see Table I and Table II), by using the
technique derived in Sec. III and some previously known
results. In Sec. IV, we propose the concept of k-uniform
quantum information masking in multipartite systems,
and we show that k-uniform states and quantum error-
correcting codes can be used for k-uniform quantum in-
formation masking. Finally, we conclude in Sec. V.
II. k-UNIFORM STATES, ORTHOGONAL
ARRAYS AND LINEAR CODES
In this section, we introduce the preliminary knowledge
and facts. First, we introduce the concept of k-uniform
states [7].
Definition 1 A k-uniform state |ψ〉 in ⊗Nℓ=1HAℓ with
DimHAℓ = d (ℓ = 1, . . . , N), has the property that all
reductions to k parties are maximally mixed. That is, for
any subset B = {Aj1 , Aj2 , . . . , Ajk} ⊂ {A1, A2, . . . , AN},
ρB = TrBc |ψ〉〈ψ| = 1
dk
IB, (1)
where Bc denotes the set
{A1, A2, . . . , AN} \ B,
TrBc is the partial trace operation, and IB denotes the
identity operation acting on the Hilbert space ⊗kℓ=1HAjℓ .
We denote ⊗Nℓ=1HAℓ as (Cd)⊗N for simplicity. Due to
the Schmidt decomposition of bipartite pure state, k sat-
isfies k ≤ ⌊N2 ⌋. If k = ⌊N2 ⌋, then |ψ〉 is also called an ab-
solutely maximally entangled (AME) state. A k-uniform
state in (Cd)⊗N corresponds to a pure ((N, 1, k + 1))d
quantum error-correcting code (QECC) [7]. See Ap-
pendix A for the definition of QECCs. For a pure
((N, 1, k+1))d1 code C1 and a pure ((N, 1, k+1))d2 code
C2, the tensor product C1⊗C2 is a pure ((N, 1, k+1))d1d2
code [23]. By the relation between k-uniform states and
QECCs, we have the following lemma.
Lemma 2 Let |ψ〉A1,A2,...,AN and |φ〉B1,B2,...,BN be k-
uniform states in (Cd1)⊗N and (Cd2)⊗N respectively.
Then the tensor product of them, i.e.,
|ϕ〉(A1B1),(A2B2),...,(ANBN ) = |ψ〉A1,A2,...,AN⊗|φ〉B1,B2,...BN
is a k-uniform state in (Cd1d2)⊗N .
Lemma 2 provides a simple but very useful construc-
tion. If we can construct a k-uniform state in (Cd)⊗N for
any prime d, then we can construct a k-uniform state in
(Cd)⊗N for any local dimension d. Since GHZ states
are 1-uniform states, it means that a 1-uniform state
in (Cd)⊗N exists for any d ≥ 2 and N ≥ 2. In [20],
there are several unsolved cases for the existence of 2-
uniform states and 3-uniform states. The unsolved cases
for 2-uniform states in (Cd)⊗N are d = 2, 6 and N = 4;
d = 10 and N = 5. By [24], we know that 2-uniform
states in (C2)⊗4 do not exist. By using Lemma 2, we can
construct a 2-uniform state in (C10)⊗5 from a 2-uniform
3TABLE III: Existence of 1, 2, 3-uniform states of N subsystems with local dimension d ≥ 2.
(Cd)⊗N Existence Nonexistence Unknown References
1-uniform d ≥ 2, N ≥ 2 no no [14]
2-uniform d ≥ 2, N ≥ 4 except d = 2, 6, N = 4 d = 2, N = 4 d = 6, N = 4 [7, 14, 20, 22–24]
3-uniform d ≥ 2, N ≥ 6, d = 2, N = 7 d ≥ 6, d = 2 (mod 4), [10, 13, 19, 20, 22, 23, 25]
except d = 2 (mod 4), N = 7 N = 7
state in (C2)⊗5 and a 2-uniform state in (C5)⊗5. Thus
the only unsolved case for 2-uniform states in (Cd)⊗N is
just d = 6 and N = 4. The unsolved cases for 3-uniform
states in (Cd)⊗N are that d ≥ 6 is not a prime power
and N = 9, 10, 11; d = 2, 3, d ≥ 6 is not a prime power
and N = 6; d = 2, 3, 4, 5, d ≥ 6 is not a prime power and
N = 7. By using Lemma 2, we can construct a 3-uniform
state in (Cd)⊗N for any d ≥ 6 not a prime power and
N = 9, 10, 11. A 3-uniform state in (Cd)⊗6 exists for any
d ≥ 2 by [23]. Since 3-uniform states in (C2)⊗7 do not
exist [13], and there exists a 3-uniform state in (Cd)⊗7
for any d = 3, 5 by [11], d = 4 by [19], we know that
a 3-uniform state in (Cd)⊗7 exists for any d ≥ 2 except
for d = 2(2k + 1) and k ≥ 1 by Lemma 2. Thus the
left unsolved cases for 3-uniform states in (Cd)⊗N are
d ≥ 6, d = 2 (mod 4) and N = 7. See Table III for a
summary of 1, 2, 3-uniform states.
Orthogonal arrays are essential in statistics and have
wide applications in computer science and cryptography.
An r × N array A with entries taken from a set S with
d elements is said to be an orthogonal array [26] with
r runs, N factors, d levels, strength k, and index λ, de-
noted by OA(r,N, d, k), if every r×k subarray of A con-
tains each k-tuple of symbols from S exactly λ times as
a row. It is easy to see that an OA(r,N, d, k) must be an
OA(r,N, d, k − 1), and it is an OA(r,N − n, d, k) when
we delete any n columns.
Example 3 

0 0 0 1 1 1 2 2 2
0 1 2 0 1 2 0 1 2
0 1 2 2 0 1 1 2 0
0 1 2 1 2 0 2 0 1


T
is an OA(9, 4, 3, 2).
An orthogonal array OA(r,N, d, k) is called irredun-
dant [14], denoted by IrOA(r,N, d, k), if after removing
from the array any k columns all remaining r rows, con-
taining N−k symbols each, are different. It is easy to see
that the OA(9, 4, 3, 2) in Example 3 is an IrOA(9, 4, 3, 2).
Proposition 4 [14] For any IrOA(r,N, d, k) say
(aij)r×N with aij ∈ Zd, the N particles state |ψ〉 defined
by |ψ〉 := 1√
r
∑r
i=1 |ai1ai2 · · · aiN 〉 is a k-uniform state
in (Cd)⊗N .
By Example 3 and Proposition 4, we can construct a
2-uniform state in (C3)⊗4. In [20], the authors provided
a way to check whether an orthogonal array is irredun-
dant. For any two vectors u and v of length N , the
Hamming distance dH(u,v) is the number of positions
in which they differ. Given an r × N array A, the min-
imum distance of A, denoted by dH(A) is the minimum
Hamming distance between any two distinct rows.
Lemma 5 [20] An OA(r,N, d, k) is irredundant if and
only if its minimum distance is greater than k. The
existence of an OA(r,N, d, k) with minimum distance
w ≥ k + 1 implies that an IrOA(r,N ′, d, k) exists for
any N − w + k + 1 ≤ N ′ ≤ N .
The set of rows of an r×N array A over Zd is often re-
ferred to a code C in ZNd , where ZNd means
N times︷ ︸︸ ︷
Zd × · · · × Zd.
If dH(A) = w, then we say that the code C has min-
imum distance w, and denote it by an (N, r, w)d code.
Further, if d is a prime power, and C forms a subspace
of FNd of dimension t (Fd is a Galois Field with order
d), then it is called a linear code, and denoted by an
[N, t, w]d code. In this case, the dual code of C is de-
fined by C⊥ = {u ∈ FNd |uT · v = 0, ∀ v ∈ C}, and the
minimum distance of C⊥ is called the dual distance of C,
denoted by w⊥. If C = C⊥, then C is called self-dual. The
next lemma gives the relation between linear codes and
orthogonal arrays.
Lemma 6 [26] If C is an [N, t, w]d code with dual
distance w⊥, then the corresponding array is an
OA(dt, N, d, w⊥ − 1).
Example 3 is a [4, 2, 3]3 code with dual distance 3, then
we obtain an OA(9, 4, 3, 2) by Lemma 6. If an orthogo-
nal array is constructed from a linear code, we call it a
linear orthogonal array. The strategy for constructing
k-uniform states in this paper is as follows (see Fig. 1).
Using some known linear codes and the correspondence
in Lemma 6, we can obtain an orthogonal array. Then by
computing the minimum distance of the orthogonal ar-
ray, we might obtain a series of irredundant orthogonal
arrays by Lemma 5. Finally, by Proposition 4, we obtain
a series of k-uniform states. From Lemma 6, we can give
a recursion for IrOAs by the recursion for linear codes.
4an [N, t,w]d code with
min{w,w⊥} ≥ k + 1
IrOAs(r,N ′, d, k) for
N − w + k + 1 ≤ N ′ ≤ N
k-uniform states in (Cd)⊗N
for N − w + k + 1 ≤ N ′ ≤ N
Lemma 5
Lemma 6
Lemma 4
FIG. 1: The main method of constructing k-uniform states in this paper.
III. CONSTRUCTION OF k-UNIFORM STATES
In this section, we give a recursion for IrOAs in
Lemma 7. Then we construct some k-uniform states by
linear codes in Theorem 8. Further, we give the existence
of 4, 5-uniform states in Tables I and II. First, we give the
key recursion for IrOAs. For any two positive integers a
and b (a ≤ b), let [a, b] denote the set {a, a+ 1, . . . , b}.
Lemma 7 If there exists a linear IrOA(r1, N1, d, k) and
a linear IrOA(r2, N2, d, k), then there exists a linear
IrOA(r1r2, N1 +N2, d, k).
Proof. We claim that if C1 is an [N1, t1, w1]d code
with dual distance w⊥1 and C2 is an [N2, t2, w2]d code with
dual distance w⊥2 , then C1 ⊕ C2 = {(c1, c2)|c1 ∈ C1, c2 ∈
C2} is an [N1 +N2, t1+ t2,min{w1, w2}]d code with dual
distance min{w⊥1 , w⊥2 }. See Appendix B for the proof of
this claim. By Lemmas 5 and 6, we obtain that the linear
IrOA(rj , Nj, d, k) corresponds to an [Ni, logdrj , wj ]d code
Cj with min{wj , w⊥j } ≥ k + 1 for each j = 1, 2. Then
C1⊕C2 is an [N1+N2, logd(r1r2),min{w1, w2}]d code with
dual distance min{w⊥1 , w⊥2 } by the above claim. Since
the dual distance of this code is min{w⊥1 , w⊥2 } ≥ k + 1,
this code corresponds to an OA(r1r2, N1+N2, d, k) with
minimum distance min{w1, w2} ≥ k + 1 by Lemma 6.
Thus, it is an IrOA(r1r2, N1+N2, d, k) by Lemma 5. ⊓⊔
By repeatedly using the above lemma, we can deduce
that if there exists a linear IrOA(r1, N, d, k) for any N ∈
[N1, 2N1− 1], then there exists a linear IrOA(r1, N, d, k)
for any integer N ≥ N1. By some known linear codes,
we construct some k-uniform states in the following.
Theorem 8 If d ≥ 2k − 1 is a prime power, then there
exists a k-uniform state in (Cd)⊗N for any N ∈ [2k, d+
1]; if d ≥ 4k − 2 is a prime power, then there exists a
k-uniform state in (Cd)⊗N for any N ≥ 2k.
Proof. When d is a prime power, there exists a
[d + 1, k, d − k + 2]d code for any 1 ≤ k ≤ d + 1 [27,
Theorem 9, Chapter 11], which is in fact a maximum
distance separable (MDS) code [47]. Since the dual code
of an MDS code is still an MDS code, the dual distance is
k+1. By Lemma 6, there exist a linear IrOA(r, d+1, d, k)
with minimum distance d−k+2. Then there exists a lin-
ear IrOA(r,N ′, d, k) any N ∈ [2k, d+1] when d ≥ 2k− 1
by Lemma 5. If d ≥ 4k − 2 is a prime power, then
there exists a linear IrOA(r,N, d, k) for any N ≥ 2k by
Lemma 7. ⊓⊔
In [15], the authors showed that there exists a constant
Mk(d) ≥ 2k, such that for all N ≥ Mk(d), there exists
a k-uniform state in (Cd)⊗N by probabilistic method.
From Theorem 8, we know that Mk(d) can be chosen
to be 2k when d ≥ 4k − 2 is a prime power. Further,
Mk(d1d2 . . . dn) can be chosen to be 2k when every di ≥
4k − 2 is a prime power by Lemma 2.
Next, we focus on the construction of 4, 5-uniform
states. First, we consider 4-uniform states. Some of our
constructions are from self-dual codes. For an [N, N2 , w]s
self-dual code, the dual distance is also w. For example,
there exists a [12, 6, 6]4 self-dual code [28], then there
exists a linear IrOA(r,N, 2, 4) for any N ∈ [11, 12] by
Lemmas 5 and 6. See [28] for tables of self-dual codes.
By Theorem 8, when d ≥ 14 is a prime power, there ex-
ists a 4-uniform state in (Cd)⊗N for any N ≥ 8. By [15,
Theorem 12], there exists a 4-uniform state in (Cd)⊗N
for any prime d ≥ 2 and N ≥ 12. Then there exists a
4-uniform state in (Cd)⊗N for any d ≥ 2 and N ≥ 12 by
Lemma 2. Thus, we only need to consider d < 14 that is
a prime power, and 8 ≤ N ≤ 11.
(i) When d = 2, 4-uniform states in (C2)⊗N do not
exist for each N = 8, 9, 10 by Rains’ bound [12].
(ii) When d = 3, 4-uniform states in (C3)⊗8 do not exist
by Shadow bound [29], and a 4-uniform state in
(C3)⊗N exists for anyN = 9 by [11], andN = 10, 11
by [15].
5A1
A2
Aℓ1
Aℓ2
Aℓk
AN
|aj〉
|b2〉
|bℓ1〉
|bℓ2〉
|bℓk〉
|bN 〉
A
US
...
...
...
...
ρA
...
...
...
...
...
FIG. 2: Sketch map of k-uniform quantum information masking. The state |aj〉 is to be encoded in the k-uniform
quantum information masking process while |bi〉 (2 ≤ i ≤ N) are the initial states of the ancillary systems. The
figure shows that the reduction state of any fixed k subsystems after the above process is independent of the
encoded state |aj〉. i.e. The reduction state is only subsystems dependent and we denote it to be ρA for subsystems
A = {Al1 , · · · , Alk}.
(iii) When d = 4, a 4-uniform state in (C4)⊗N exists for
any N = 9, 10 by [11] and N = 11 by a [12, 6, 6]4
self-dual code in [28].
(iv) When d = 5, a 4-uniform state in (C5)⊗N exists
for any N ∈ [8, 10] by [11], N = 11 by a [12, 6, 6]5
self-dual code in [28].
(v) When d = 7, 8, a 4-uniform state in (C7)⊗N exists
for any N ∈ [8, 11] by [11].
(vi) When d = 9, a 4-uniform state in (C9)⊗N exists
for any N ∈ [9, 11] by Lemma 2, and N = 8 by
Theorem 5.
(vii) When d = 11, 13, a 4-uniform state in (Cd)⊗N exists
for any N ∈ [8, 11] by Theorem 8.
By using Lemma 2, we are able to list the existence
of 4-uniform states in (Cd)⊗N in Table I. For the same
discussion as above, we have Table II for the existence of
5-uniform states. The detail of arguments are provided
in Appendix C. In the next section, we shall apply results
in this section to the quantum information masking.
IV. k-UNIFORM QUANTUM INFORMATION
MASKING
In [21], the authors proposed the concept of quantum
information masking. An operation S is said to mask
quantum information contained in states {|aj〉A1 ∈ HA1}
by mapping them to states {|ψj〉 ∈ HA1 ⊗ HA2} such
that all the reductions to one party of |ψj〉 are iden-
tical. In [30], quantum information masking in mul-
tipartite systems is proposed. It is also required that
all the reductions to one party of {|ψj〉 ∈ ⊗Nℓ=1HAℓ}
are identical. However, collusion between some parties
would then reveal the encoded quantum information.
For example, a masker S masks quantum information
contained in {|0〉, |1〉, |2〉} ∈ C3 into {|ψ0〉, |ψ1〉, |ψ2〉} ∈
C3⊗C3⊗C3, where |ψ0〉ABC = 1√3 (|000〉+ |111〉+ |222〉),
|ψ1〉ABC = 1√3 (|021〉 + |102〉 + |210〉), and |ψ2〉ABC =
1√
3
(|012〉+ |120〉+ |201〉). If Alice and Bob are collusive,
then ρ
(0)
AB = TrC |ψ0〉〈ψ0| = 13 (|00〉〈00|+|11〉〈11|+|22〉〈22|),
ρ
(1)
AB = TrC |ψ1〉〈ψ1| = 13 (|02〉〈02|+ |10〉〈10|+ |21〉〈21|), and
ρ
(2)
AB = TrC |ψ2〉〈ψ2| = 13 (|01〉〈01|+ |12〉〈12|+ |20〉〈20|). Al-
ice and Bob can easily distinguish ρ
(0)
AB, ρ
(1)
AB, and ρ
(2)
AB,
and they would reveal the encoded quantum information.
To avoid this collusion, we propose the k-uniform quan-
tum information masking as follows.
Definition 9 An operation S is said to k-uniformly
mask quantum information contained in states {|aj〉A1 ∈
HA1} by mapping them to states {|ψj〉 ∈ ⊗Nℓ=1HAℓ} such
that all the reductions to k parties of |ψj〉 are identical;
i.e., for all A = {Aℓ1 , Aℓ2 , . . . , Aℓk} which is any subset
of {A1, A2, . . . , AN} with cardinality k,
ρA = TrAc |ψj〉〈ψj | (2)
has no information about the value of j. Specially, if
k = ⌊N2 ⌋, we refer to the k-uniform quantum information
masking as the strong quantum information masking.
Our masking protocol also forms the basis for quantum
secret sharing [31, 32]. The k-uniform quantum informa-
tion masking allows secret sharing of quantum informa-
tion from a “boss” to his “subordinates”, such that every
collaboration between k subordinates cannot retrieve the
information. When k = 1, the above definition is the
same as [21, 30]. In fact, S can be modeled by a uni-
tary operator US on the system A1 plus some ancillary
systems {A2, A3, . . . , AN} and given by
S : US |aj〉A1 ⊗ |b〉Ac1 = |ψj〉.
The unitary operator US preserves orthogonality. See
Fig. 2 for the sketch map of k-uniform quantum infor-
mation masking. We assume that HA1 associates with
the Hilbert space Cd and US |j〉A1 ⊗ |b〉Ac1 = |ψj〉 for
60 ≤ j ≤ d − 1. Then the masking process can be ex-
pressed by:
|j〉 → |ψj〉, ∀ 0 ≤ j ≤ d− 1.
Next, we give the relation between k-uniform states and
k-uniform quantum information masking.
Theorem 10 If there exists a (k + 1)-uniform states in
(Cd)⊗(N+1), then all states in Cd can be k-uniformly
masked in (Cd)⊗N .
Proof. We assume that |ψ〉 is a (k+1)-uniform state in
(Cd)⊗(N+1). It means that any reduction to k+1 parties
is maximally mixed. Let {|j〉}d−1i=0 be a computational
basis in Cd. We can write
|ψ〉 = 1√
d
d−1∑
j=0
|j〉|ψj〉. (3)
Since the reduction of the first party is also maximally
mixed, i.e. ρ1 =
1
d
Id, it implies 〈ψs|ψt〉 = δs,t by
Lemma 15 in Appendix D. Then we can define a masker
S : |j〉 → |ψj〉, ∀ 0 ≤ j ≤ d− 1.
The general superposition state
∑d−1
j=0 αj |j〉 ∈ Cd
should be mapped into
∑d−1
j=0 αj |ψj〉 ∈ (Cd)⊗N , where∑d−1
j=0 |αj |2 = 1. By [22, Proposition 2], we obtain that
any reduction to k parties of
∑d−1
j=0 αj |ψj〉 is maximally
mixed. Thus all states in Cd can be k-uniformly masked
in (Cd)⊗N . ⊓⊔
All the k-uniform states in Sec. II and Sec. III can be
used for (k − 1)-uniform quantum information masking
by Theorem 10.
Example 11 Since
|ψ〉 = 1
4
(− |000000〉+ |001111〉 − |010011〉+ |011100〉
+ |000110〉+ |001001〉+ |010101〉
+ |011010〉 − |111111〉+ |110000〉
+ |101100〉 − |100011〉+ |111001〉
+ |110110〉 − |101010〉 − |100101〉)
is a 3-uniform state in (C2)⊗6 [14], we can define a
masker
S : |0〉 → 1
2
√
2
(−|00000〉+ |01111〉 − |10011〉
+ |11100〉+ |00110〉+ |01001〉
+ |10101〉) + |11010〉);
|1〉 → 1
2
√
2
(−|11111〉+ |10000〉+ |01100〉
− |00011〉+ |11001〉+ |10110〉
− |01010〉 − |00101〉).
By using the masker S, all states in C2 can be 2-
uniformly (strongly) masked in (C2)⊗5 by Theorem 10.
From Table III, we know that a 2-uniform state in
(Cd)⊗4 exists for any d ≥ 3 and d 6= 6, then all states in
Cd can be (1-uniformly) masked in (Cd)⊗3 for any d ≥ 3
and d 6= 6. Thus [30, Corollary 2] is a special case of
Theorem 10. All states in Cd can be strongly masked in
(Cd)⊗5 for any d ≥ 2, since an AME state in (Cd)⊗6 ex-
ists for any d ≥ 2 by Table III. Moreover, since an AME
state in (Cd)⊗8 exists for any prime power d ≥ 5 by Ta-
ble I, all states in Cd can be strongly masked in (Cd)⊗7
for any prime power d ≥ 5. Thus, we have the following
corollary.
Corollary 12 When N is odd, if there exists an AME
state in (Cd)⊗(N+1), then all states in Cd can be strongly
masked in (Cd)⊗N .
From Theorem 8, we know that when d ≥ N is a prime
power, there always exists an AME states in (Cd)⊗N+1.
These AME states can be used to strong quantum infor-
mation masking when N is odd by Corollary 12. How-
ever, when N is even, strong quantum information mask-
ing is impossible.
Proposition 13 When N is even, an arbitrary state in
Cd1 cannot be strongly masked in Cd1 ⊗Cd2 ⊗ · · · ⊗CdN .
Proof. Assume that we can strongly mask two orthog-
onal states |s0〉 and |s1〉 in Cd1 into Cd1⊗Cd2⊗· · ·⊗CdN ,
where N is even. Let |s0〉 → |ψ0〉, |s1〉 → |ψ1〉,
where |ψ0〉, |ψ1〉 ∈ Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN . Let ρ(0) =
|ψ0〉〈ψ0|, ρ(1) = |ψ1〉〈ψ1|, A = {A1, A2, . . . , AN
2
} and
B = {AN
2
+1, AN
2
+2, . . . , AN}. Since ρ(0)A = ρ(1)A , we can
write |ψ0〉 and |ψ1〉 by Schmidt decomposition as
|ψ0〉 =
∑
j
√
λj |aj〉A|bj〉B, |ψ1〉 =
∑
j
√
λj |aj〉A|cj〉B,
where λj > 0, {|aj〉}, {|bj〉}, {|cj〉} are all orthonormal
sets.
Assume that we can mask the superposition state,
|ψ〉 = u|ψ0〉 + v|ψ1〉 =
∑
j
√
λj |aj〉(u|bj〉 + v|cj〉), where
|u|2 + |v|2 = 1. Since ρA = TrB(|ψ〉〈ψ|) = ρ(0)A =∑
j λj |aj〉〈aj | by the masking condition, it implies that
(u∗〈bs| + v∗〈cs|)(u|bt〉 + v|ct〉) = δs,t by Lemma 15 in
Appendix D. Then we have
u∗v〈bs|ct〉+ uv∗〈cs|bt〉 = 0, ∀s, t. (4)
By setting u = 1√
2
, v = 1√
2
and u = 1√
2
, v = 1√
2
i, we
obtain 〈bs|ct〉 = 0 for all s, t. By the masking condition,
ρ
(0)
B =
∑
j
λj |bj〉〈bj | =
∑
j
λj |cj〉〈cj | = ρ(1)B . (5)
Then for any j, 〈bj |ρ(0)B |bj〉 = 〈bj|ρ(1)B |bj〉. It implies
λj = 0 for any j, which is impossible. Thus an arbi-
trary quantum state in Cd1 cannot be strongly masked
in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN . ⊓⊔
7a (k + 1)-uniform state
exists in (Cd)⊗(N+1)
an AME state exists
in (Cd)⊗(N+1)
all states in Cd can be
k-uniformly masked in (Cd)⊗N
all states in Cd can be
strongly masked in
(Cd)⊗N
a pure ((N, d, k + 1))d
code
a pure
((N, d, ⌊N
2
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code
all states in Cd1 can be
strongly masked in
Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdNProposition 13
N is odd
Theorem 10
N is odd
Corollary 12
Theorem 14
N is odd
Theorem 14
FIG. 3: The sketch map concludes the results in Sec. IV.
Proposition 13 can be related to no-go theorems
[21, 33–39], that is when N is even, strong quantum in-
formation masking is impossible. From Proposition 13,
we can also obtain that if all states in Cd1 can be strongly
masked in Cd1 ⊗ Cd2 ⊗ · · · ⊗ CdN , then N is odd. Ac-
tually, Theorem 10 can be generalized to heterogeneous
systems, i.e. if there exists a (k + 1)-uniform states in
Cd1 ⊗Cd1⊗Cd2⊗· · ·⊗CdN , then all states in Cd1 can be
k-uniformly masked in Cd1⊗Cd2⊗· · ·⊗CdN . See [40, 41]
for some constructions of k-uniform states in heteroge-
neous systems.
Finally, we introduce the relation between qQECCs
and k-uniform quantum information masking. A k-
uniform space is a subspace of (Cd)⊗N in which every
state is a k-uniform state.
Theorem 14 In the k-uniform quantum information
masking scheme, we assume that the reduction states of k
parties are proportional to identity. The following state-
ments are equivalent:
(i) a pure ((N, d, k + 1))d QECC exists;
(ii) all states in Cd can be k-uniformly masked in
(Cd)⊗N .
Proof. “⇒” If there exits a pure ((N, d, k + 1))d
QECC, then there exists a k-uniform space U in (Cd)⊗N
of dimension d by Lemma 16 in Appendix D. Assume that
{|ψj〉}d−1j=0 is an orthonormal basis in U , and {|j〉}d−1j=0 is
a computational basis in Cd. We can define a masker:
S : |j〉 → |ψj〉, ∀ 0 ≤ j ≤ d− 1.
The general superposition state
∑d−1
j=0 αj |j〉 ∈ Cd
should be mapped into
∑d−1
j=0 αj |ψj〉 ∈ (Cd)⊗N , where∑d−1
j=0 |αj |2 = 1. Since
∑d−1
j=0 αj |ψj〉 ∈ U , it is a k-uniform
state. Thus all states in Cd can be k-uniformly masked
in (Cd)⊗N .
“⇐” We assume that all states in Cd can be k-
uniformly masked in (Cd)⊗N . Let S be the masker,
then the image of S is a k-uniform space in (Cd)⊗N
of dimension d by definition. Thus there exists a pure
((N, d, k+1))d QECC by Lemma 16 in Appendix D. ⊓⊔
For a pure ((N,K, k+1))d code, the quantum Singleton
bound [23] is
K ≤ dN−2k. (6)
When N is even, k = N2 , and K = d, a ((N, d,
N
2 + 1))d
code does not exist by Eq. (6). When then reduction
states of k parties are proportional to identity, an arbi-
trary state in Cd cannot be strongly masked in (Cd)⊗N
by Theorem 14, and it is a special case of Proposi-
tion 13. Finally, we should emphasize that Theorem 10
can be obtained by Theorem 14. A (k+1)-uniform state
in (Cd)⊗(N+1) is a pure ((N + 1, 1, k + 2))d code [7].
Since a pure ((N + 1, 1, k + 2))d code can imply a pure
((N, d, k + 1))d code [42] (The converse is not true in
generally), all states in Cd can be k-uniformly masked
in (Cd)⊗N by Theorem 14. Specially, when N is odd, an
AME state in (Cd)⊗(N+1) is a pure ((N+1, 1, N+12 +1))d
code. It is equivalent to a pure ((N, d, N+12 ))d code [43].
See Fig. 3 for a summary of Sec. IV.
V. CONCLUSION
In this paper, we have given general constructions for
k-uniform states by using linear codes, especially for 4, 5-
uniform states. We have also given a new quantum infor-
mation masking which is called k-uniform quantum in-
formation masking, and shown that k-uniform states and
QECCs can be used for k-uniform quantum information
masking. There are some interesting problems left. One
open problem is to determine the existence of unknown
k-uniform states in Tables I, II and III. Besides, are there
other methods that can k-uniformly mask all the states
of Cd in quantum systems (Cd)⊗N for 2 ≤ k ≤ ⌊N2 ⌋?
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Appendix A: Quantum error-correcting codes
Let {ej}d
2−1
j=0 be an orthogonal operator basis for C
d
that includes the identity e0 = I, such that Tr(e
†
iej) =
δijd. On the N -partite quantum system (C
d)⊗N , a local
error basis E consists of
Eα = eα1 ⊗ eα2 ⊗ · · · ⊗ eαN ,
where α = (α1, α2, · · · , αN ) ∈ {0, 1, . . . , d2 − 1}N , each
eαi acts on C
d, and Tr(E†αEβ) = δαβd
n. The weight of a
local error operator Eα is the number of ei which is not
equal to identity, that is, wt(Eα) = wt(α).
LetQ be aK-dimensional subspace of (Cd)⊗N spanned
by the orthogonal basis {|i〉|i = 0, 1, · · · ,K − 1}. Then
Q is called an ((N,K, δ))d quantum error-correcting code
if for all E ∈ E with wt(E) < δ,
〈i|E|j〉 = δijC(E),
where the constant C(E) depends only on E. Here δ is
called the distance of the code. If C(E) = d−NTr(E),
then the code is called pure.
Appendix B: The proof of the claim in Lemma 7
Proof. Let us introduce the generator matrix and the
parity check matrix for a linear code first. The generator
matrix for an [N, t, w]d code C is any t × N matrix G
whose rows form a basis for C. For a row vector v ∈ Ftd,
a codeword c ∈ C can be written as c = v ·G. The gener-
ator matrix has a standard form G = [It|A], where It is
a t× t identity matrix and A is a t× (N− t) matrix. The
parity check matrix is an (N − t) × N matrix H which
satisfies H ·cT = 0 if and only if c ∈ C. The parity check
matrix for C can be written as H = [−AT|IN−t]. If we
consider the dual code C⊥, H and G are the generator
and parity check matrices for C⊥, respectively. The lin-
ear code C has minimum distance w if and only if every
w−1 columns of H are linearly independent and some w
columns are linearly dependent [27, Theorem 10, Chap-
ter 1]. Further, The dual code C⊥ has minimum distance
w⊥ if and only if every w⊥ − 1 columns of G are linearly
independent and some w⊥ columns are linearly depen-
dent. Now, we are ready to prove this claim.
By [44, Chapter 1.5.4], we know that C1 ⊕ C2 is an
[N1+N2, t1+t2,min{w1, w2}]d code. Assume G1 and G2
are generator matrices of C1 and C2, respectively. Then
G =
(
G1 0
0 G2
)
is the generator matrix of C1⊕C2. Since
the dual distance of Cj is w⊥j , every w⊥j − 1 columns
of Gj are linearly independent, and some w
⊥
j columns
are linearly dependent for each j = 1, 2. It implies that
every min{w⊥1 − 1, w⊥2 − 1} = min{w⊥1 , w⊥2 }− 1 columns
of G are linearly independent, and some min{w⊥1 , w⊥2 }
columns are linearly dependent. Thus the dual distance
of C1 ⊕ C2 is min{w⊥1 , w⊥2 }. ⊓⊔
Appendix C: The details for Table II
Some of our constructions are from algebraic geometry
codes (see [45] for definitions). For algebraic geometry
codes, if there exist N rational points and genus g in
Galois field Fq, then there exists a linear code [N, k,N −
k + 1 − g] with dual distance k + 1 − g for any g ≤ k ≤
N [45]. For example, there exist 18 rational points and
genus 2 in F8 [46], then there exists a [18, 7, 10]8 code with
dual distance 6, and hence exists a linear IrOA(r,N, 8, 5)
for any N ∈ [14, 18] by Lemmas 5 and 6. See [46] for
curves with many points. By Theorem 8, when d ≥ 18 is
a prime power, there exists a 5-uniform state in (Cd)⊗N
for any N ≥ 10. By [15, Theorem 12], there exists a 5-
uniform state in (Cd)⊗N for any prime d ≥ 2 andN ≥ 18.
Then there exists a 5-uniform state in (Cd)⊗N for any
d ≥ 2 and N ≥ 18 by Lemma 2. Thus, we only need to
consider d < 18 that is a prime power, and 10 ≤ N ≤ 17.
(i) When d = 2, 5-uniform states in (C2)⊗N do not
exist for each N = 10, 11 by Rains’ bound [12]. By
[11], we know that there exists an OA(256, 16, 2, 5).
The minimum distance of the OA(256, 16, 2, 5) is 6
by using computer. Thus it is irredundant and there
exists a 5-uniform state in (C2)⊗16.
(ii) When d = 3, a 5-uniform state in (C3)⊗N exists for
any N = 10 by [11], N = 12 by a [12, 6, 6]3 self-dual
code in [28] and N ∈ [14, 17] by [15],
(iii) When d = 4, a 5-uniform state in (C4)⊗N exists for
any N = 10 by [11], and N = 12, 14, 16, 17, 18 by
[12, 6, 6]4, [14, 7, 6]4, and [18, 9, 8]4 self-dual codes in
[28].
(iv) When d = 5, a 5-uniform state in (C5)⊗N exists for
any N = 10 by [11], and N ∈ [12, 17] by [15].
(v) When d = 7, a 5-uniform state in (C7)⊗N exists for
any N ∈ [10, 11] by [11], and N ∈ [12, 17] by [15].
(vi) When d = 8, a 5-uniform state in (C8)⊗N exists for
any N ∈ [10, 14] by [11], and N ∈ [15, 17] by an
[18, 7, 10]8 algebraic geometry code with dual dis-
tance 6 in [46].
9(vii) When d = 9, a 5-uniform state in (C9)⊗N exists for
any N = 10, 12, N ∈ [14, 17] by Lemma 2, N =
11 by [19] and N = 13 by a [16, 6, 10]9 algebraic
geometry code with dual distance 6 in [46].
(viii) When d = 11, a 5-uniform state in (C11)⊗N exists
for any N ∈ [10, 12] by Theorem 8, and N ∈ [13, 17]
by a [18, 6, 12]11 algebraic geometry code with dual
distance 6 in [46].
(ix) When d = 13, a 5-uniform state in (C13)⊗N exists
for any N ∈ [10, 14] by Theorem 8, and N ∈ [15, 17]
by a [21, 6, 15]13 algebraic geometry code with dual
distance 6 in [46].
(x) When d = 16, 17, a 5-uniform state in (Cd)⊗N exists
for any N ∈ [10, 17] by Theorem 8.
By using Lemma 2, we are able to list the existence of
5-uniform states in (Cd)⊗N in Table II.
Appendix D: Two lemmas used in Sec. IV
Lemma 15 Assume |ψ〉 = ∑j√λj |aj〉|bj〉, λj > 0 and
{|aj〉} is an orthonomal set, then ρA =
∑
j λj |aj〉〈aj | if
and only if 〈bs|bt〉 = δs,t.
Proof. “⇐” Obviously.
“⇒” Since
ρA = TrB|ψ〉〈ψ| =
∑
j,ℓ
√
λjλℓ〈bℓ|bj〉(|aj〉〈aℓ|), (D1)
we have
〈at|ρA|as〉 = 〈at|(
∑
j,ℓ
√
λjλℓ〈bℓ|bj〉(|aj〉〈aℓ|))|as〉
=
√
λtλs〈bs|bt〉.
(D2)
Moreover,
〈at|ρA|as〉 = 〈as|(
∑
j
λj |aj〉〈aj |)|at〉 = λsδs,t. (D3)
It implies λsδs,t =
√
λtλs〈bs|bt〉. Hence 〈bs|bt〉 = δs,t. ⊓⊔
Lemma 16 [43] The following objects are equivalent:
(i) a pure ((N,K, k + 1))d QECC;
(ii) a k-uniform space in (Cd)⊗N of dimension K.
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